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ABSTRACT  
Excessive deflection of concrete floor slabs is a recurring serviceability problem (Gilbert 2012, Stivaros 2012). 
Current practice is to compute deflections using either a single-element idealization, where an average effective 
moment of inertia is assigned to the entire member, or a discretized analysis, where the member is idealized as 
discrete elements with unique effective moments of inertia. There are two equations available for calculating the 
effective moment of inertia, developed by Branson (1965) and by Bischoff (2005). Branson originally proposed two 
equations for effective moment of inertia, a 3rd-power equation for use in a single-element idealization and a 4th-
power equation for use in a discretized-element idealization.  Bischoff has proposed a single equation, based on a 
correct mechanical model, for use in a single-element idealization only.  The research summarized in this paper 
investigates suitable modifications to Bischoff’s Equation for use in a discretized analysis. Simply supported 
members with various reinforcement ratios and live- to dead-load ratios are explored. Comparisons to experimental 
data are made to determine which deflection calculation procedure provides results closest to those observed.  
 
Keywords: instantaneous deflections, discretized analysis, reinforced concrete, effective moment of inertia, 
Branson’s Equation, Bischoff’s Equation 
1. INTRODUCTION 
1.1 Equations for Calculation of Instantaneous Deflections 
In a reinforced concrete member, flexural cracking occurs along the span where the applied moment exceeds the 
cracking moment. At these discrete locations the cracked moment of inertia, Icr, applies and between crack locations 
the moment of inertia approaches the gross moment of inertia, Ig.  This phenomenon is widely known as the tension-
stiffening effect (e.g., MacGregor & Bartlett 2000).  
 
Branson (1965) proposed an effective moment of inertia, Ie, to provide a transition between the upper and lower 
bounds of Ig and Icr, as a function of the level of cracking expressed by the ratio of the cracking moment to the 
applied moment: 
 
[1]   Ie = (Mcr/Ma)mIg – [1 – (Mcr/Ma)m]Icr 
 
where: Mcr is the cracking moment, Ma is the applied moment and the exponent, m, was determined empirically. 
Branson recommended m of 3 to determine an overall average effective moment of inertia when the member is 
idealized as a single element. To determine effective moments of inertia at individual segements when the member 
is idealized using discretized elements he recommended m of 4. As the applied moment increases, the tension-
stiffening effect is reduced and Ie approaches Icr.  
 
Branson’s Equation was empirically derived based on concrete beams with reinforcement ratios between 1 and 2%. 
Within this range the equation is adequate, but for low reinforcement ratios, it overestimates the tension stiffening 
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effects. Bischoff (2007) has shown that the Branson Equation is based on an incorrect mechanical model that 
idealizes the stiffness of the cracked and uncracked regions as springs in parallel, when they should be in series. For 
lightly reinforced members, such as slabs, with reinforcement ratios, ρ, less than 1%, the Ig/Icr ratio increases, Ie is 
overestimated, and the deflection is underestimated using the Branson Equation (Bischoff 2005). 
 
Bischoff (2005) has highlighted the need for better methods to compute short-term deflections for fibre-reinforced 
polymer (FRP) and lightly reinforced steel concrete beams. He proposed the following equation for Ie that accounts 
for tension stiffening more accurately by idealizing the uncracked and cracked stiffness as springs in series (Bischoff 
2007). For Mcr /Ma ≤ 1: 
 
[2]   Ie = Icr/[1 – (1 – Icr/Ig)(Mcr/Ma)2] 
 
For Mcr/Ma >1, the effective moment of inertia computed using Eq. [2] can be negative, in which case Ie should be 
taken equal to Ig.  
 
To account for tensile stresses in flexural elements due primarily to restraint of shrinkage, A23.3-14 (CSA 2014) 
requires that the cracking moment be calculated using a reduced modulus of rupture, fr. When using the Branson 
Equation, Eq. [1], A23.3 requires Mcr to be computed using 0.5fr for beams, one-way and two-way slabs to also 
compensate for its unconservativism at low reinforcement ratios. When using the Bischoff Equation, Eq. [2], 
Scanlon and Bischoff (2008) recommend that Mcr be calculated using 0.67fr. It has been shown that, using these 
reduced moduli of rupture, the two equations yield similar Ie values (CAC 2016).  
1.2 Member Idealization for Deflection Calculation 
Deflection analysis can be carried out by idealizing the member as a single element with an average effective 
moment of inertia, as shown in Figure 1(a), or as a number of discretized elements with unique effective moments of 
inertia, as shown in Figure 1(b). Equations 9.4 and 9.5 are given in A23.3-14 (CSA 2014) to determine the average 
effective moment of inertia of a continuous member using the mid-span value, Ie(m), and end values, Ie(1) and Ie(2).  
 
 
 
Figure 1: Idealizations for Deflection Calculations 
 
 
The Ie computed for a single-element idealization is a weighted average of the values computed at locations where 
the applied moments are likely at a maximum (i.e. large positive moments at mid-span and large negative moments 
at the supports). When the member is idealized using discretized elements, a more stringent criterion is required for 
the cracked regions, to obtain a smaller Ie, because the discretized analysis also captures the uncracked regions that 
contribute little to the deflection. As already noted, Branson (1965) recognized the need for stricter criteria for 
discretized analysis and recommended that exponent used for an idealization as a single element, m = 3, be 
increased to 4. 
 
Bischoff's Equation is comparable to Branson's 3rd power equation:  both give an average effective moment of 
inertia for the member idealized as a single element.  Given that it more accurately accounts for tension stiffening 
(Bischoff 2007), it is appropriate to determine whether a similar modification to the exponent m can be quantified to 
allow use of the Bischoff Equation in a discretized analysis. 
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1.3 Objectives 
The main objectives of the research reported in this paper are: 
1. To determine the impact of mesh size on the accuracy of results from a discretized analysis.  
2. To verify the value of m = 4 in Branson’s Equation for use in a discretized analysis.  
3. To determine a value m in Bischoff’s Equation for use in a discretized analysis.  
 
To achieve these objectives a mesh-sensitivity analysis was performed and test cases with variable reinforcement 
and live- to dead-load ratios were devised. To determine the gold standard for deflection calculations, comparisons 
with experimental data were performed. This paper describes the procedures followed and the resulting outcomes of 
the investigation into instantaneous deflections of concrete slabs computed using discretized analysis.  
2. VERIFICATION & COMPARISON OF MEMBER IDEALIZATIONS 
2.1 Mesh Sensitivity Analysis  
When discretizing a member, choosing an optimal mesh size to achieve a proper balance between accuracy and 
computational requirements is necessary (Cook 2002). A fine mesh yields more accurate results, but at a higher 
computational cost (i.e., longer analysis run times), so an investigation of the sensitivity of the discretized analysis 
result to element length was performed.  
 
A simply supported member was designed for three different reinforcement ratios, i.e., ρ = 0.5%, 1% and 1.5%. 
Service loads were determined for three different live- to dead-load ratios, i.e., wL/wD = 0.5, 1.0 and 1.5. The details 
of the general design procedure are presented in Section 2.2. Different mesh sizes were considered for the nine 
different loading and reinforcement ratio combinations using the Branson 4th power equation because it has 
previously been verified for discrete analysis (Branson 1965).   
 
The member was discretized using elements of uniform lengths of L/40, L/20, L/10, and L/6, where L is the span 
length. Treating the finest mesh of L/40 as the “gold standard”, Table 1 shows the percent differences between the 
maximum deflection computed using the 40-element mesh and that for the coarser meshes. The results in Table 1 
indicate that decreasing the number of elements will increase the error, as expected. A positive difference indicates 
that the maximum deflection computed using the 40-element mesh is greater than that for the larger meshes. It can 
be concluded that using an element length of L/10 is suitable for practical in-office use and gives deflections that, 
while unconservative, are within 1% of those computed using the 40-element mesh. For the present study a uniform 
element length of L/20 was used, as the extra computational demand was not a concern and the computed 
deflections are within gives results within 0.2% of those computed using the 40-element mesh.  
 
 
Table 1: Mesh Sensitivity Results 
 
% Difference with respect to the 40 Element Result 
 
wL/wD = 0.5 wL/wD = 1.0 wL/wD = 1.5 
# of 
Elements 
ρ = 0.5% ρ = 1.0% ρ = 1.5% ρ = 0.5% ρ = 1.0% ρ = 1.5% ρ = 0.5% ρ = 1.0% ρ = 1.5% 
20 0.2% 0.2% 0.1% 0.2% 0.2% 0.1% 0.2% 0.2% 0.1% 
10 0.9% 0.6% 0.7% 1.0% 0.6% 0.7% 1.0% 0.6% 0.7% 
6 1.9% 1.9% 1.2% 2.0% 1.9% 2.1% 2.0% 1.9% 2.1% 
 
2.2 Cases Investigated 
To verify Branson’s 4th power equation and to determine an appropriate exponent in the Bischoff Equation, 
deflection calculations were carried out and compared using both equations for both single-element and discretized-
element idealizations. The initial assumption was that an exponent of 3 in the Bischoff Equation for a discretized 
idealization would yield comparable results to those for a single element idealization using an exponent of 2.  
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The simply supported test case members again included three reinforcement ratios, ρ = 0.5%, 1% and 1.5%, and 
three live- to dead-load ratios, wL/wD = 0.5, 1.0 and 1.5. The ultimate flexural capacity, Mr, was determined given 
the area of reinforcing steel and other section properties, including Mcr, Ig and Icr, were computed. The member 
length was chosen so that the minimum thickness requirements in A23.3-14 (CSA 2014) were violated and 
deflection checks were therefore required. The factored loads were determined based on the moment resistance, and 
the service loads were back-calculated from this for the given live- to dead-load ratio. For example, given f’c = 30 
MPa and fy = 400 MPa for a metre width of a 200 mm thick slab with a reinforcement ratio of 0.5% and d = 170 
mm, the computed Mr is 46.5 kN.m, giving a maximum factored load, wf, of 18.4 kN/m. The computed service load 
for wL/wD = 0.5 is then 13.8 kN/m and the maximum applied moment, Ma, is 34.9 kN.m 
 
For the single-element idealization, the applied moment at midspan was used to determine Ie from both the Branson 
and Bischoff Equations and the maximum deflection was computed. For the discretized-element idealization, the 
applied moment was calculated at various locations along the member length and Ie was computed using the 
modified Branson (m = 4) and Bischoff (m = 3) Equations for each discrete element. The moment-area theorem 
(e.g., Hibbeler 2012) was used to calculate the maximum deflection. 
 
Figure 2(a) shows the cracking moment based on the reduced modulus of rupture and applied moment variation 
normalized by Mo = wL2/8. Figure 2(b) shows variation of the effective moment of inertia calculated using the 
modified Bischoff Equation (m = 3) normalized by Ig and the ratio of Icr/Ig. Figure 2(c) shows deflected shape 
normalized by ∆max for the member with a reinforcement ratio of 0.5% and live- to dead-load ratio of 0.5. In regions 
where the applied moment is less than the cracking moment, the effective moment of inertia is equal to the gross 
moment of inertia. In regions where the applied moment exceeds the cracking moment, Ie rapidly approaches Icr. 
 
 
 
 
 
 
(a) Normalized Applied and Cracking Moments 
 
 
(b) Normalized Effective and Cracked Moments of Inertia 
 
 
(c) Normalized Deflected Shape 
Figure 2: Analysis of Discretized Simply Supported Beam, Bischoff 
 
20@225mm 
STR-855-5 
Table 2 shows the deflections corresponding to the various cases investigated, and indicates that the chosen 
exponents for the Branson and Bischoff Equations with the reduced moduli of rupture, 0.5fr and 0.67fr, respectively, 
for single-element and discretized idealizations are suitable for all cases. For the previously described case, ρ = 0.5% 
and wL/wD = 0.5, there is excellent agreement between the two idealization methods and the two equations with the 
maximum difference being 2.6%. The percent differences are smaller in magnitude for the other cases shown. In 
terms of span length, the computed instantaneous deflections range from L/258 to L/182. The provisions of A23.3-
14 state that the maximum permissible deflection “after attachment of non-structural elements (sum of the long-term 
deflection due to all sustained loads and the immediate deflection due to any additional live load)” shall not exceed 
L/240 (CSA 2014). The computed instantaneous deflections are due to dead and live load only, long-term 
deflections, such as those due to the effect of creep and shrinkage, are not considered. An increase in reinforcement 
ratio will increase the member capacity and the applied moment while the cracking moment remains the same. This 
means that the ratio Mcr/Ma will decrease, the effective moment of inertia will decrease and the midspan deflection 
will increase. As the wL/wD ratio increases, the total applied load decreases and yields a smaller deflection. 
 
 
Table 2: Summary of Results for Simply Supported Beam 
ρ = 0.5% 
 
Mr = 46.5 kN.m 
 
wf = 18.4 kN/m 
 
Branson 
 
Bischoff 
wL/wD 
Single Element 
∆MID (mm) 
Discretized 
∆MID (mm) 
% Diff 
 
Single Element 
∆MID (mm) 
Discretized 
∆MID (mm) 
% Diff 
0.5 19.4 19.8 -2.1% 
 
18.6 19.1 -2.6% 
1 18.6 19.0 -2.2% 
 
17.9 18.3 -2.5% 
1.5 18.1 18.5 -2.3% 
 
17.5 17.9 -2.5% 
     
ρ = 1.0% 
 
Mr = 87.6 kN.m 
 
wf = 34.6 kN/m 
 
Branson 
 
Bischoff 
wL/wD 
Single Element 
∆MID (mm) 
Discretized 
∆MID (mm) 
% Diff 
 
Single Element 
∆MID (mm) 
Discretized 
∆MID (mm) 
% Diff 
0.5 23.5 23.4 0.0% 
 
22.9 23.2 -1.3% 
1 22.7 22.7 0.0% 
 
22.2 22.5 -1.3% 
1.5 22.3 22.3 0.0% 
 
21.7 22.0 -1.4% 
     
ρ = 1.5% 
 
Mr = 123.5 kN.m 
 
wf = 48.8 kN/m 
 
Branson 
 
Bischoff 
wL/wD 
Single Element 
∆MID (mm) 
Discretized 
∆MID (mm) 
% Diff 
 
Single Element 
∆MID (mm) 
Discretized 
∆MID (mm) 
% Diff 
0.5 24.7 24.7 0.2% 
 
24.5 24.6 -0.5% 
1 24.0 24.0 0.2% 
 
23.7 23.8 -0.6% 
1.5 23.6 23.5 0.2% 
 
23.3 23.4 -0.6% 
 
2.3 Determinations of Optimum Exponents using SOLVER 
The SOLVER function in Microsoft Excel (2011) was used to determine the value of the exponent for the 
discretized-element idealization that would give an identical mid-span deflection to that obtained from the single-
element idealization using the Bischoff Equation. The results, shown in Table 3, indicate that an exponent between 2 
and 3 would suitable for the range of simply supported concrete members investigated, with various reinforcement, 
and loading ratios. This was contrary to the initial assumption of m = 3 so the discretized-element idealization was 
again performed using m = 2. Table 4 shows the results and those computed using m of 3. 
 
Table 4 shows that use of the Bischoff Equation with m of 2 in a discretized-element idealization gives slightly 
unconservative results and yields larger relative differences than those computed using m of 3. This indicates that m 
= 3 is appropriate in Bischoff’s Equation for a discretized-element idealization for the range of simply supported 
concrete members investigated, with various reinforcement, and loading ratios.  
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Table 3: SOLVER Results for m 
ρ wL/wD SOLVER m 
0.5% 
0.5 2.68 
1 2.69 
1.5 2.71 
1.0% 
0.5 2.46 
1 2.46 
1.5 2.47 
1.5% 
0.5 2.45 
1 2.46 
1.5 2.46 
 
 
Table 4: Summary of Simply Supported Results using m of 2 and 3 
 
 
3. GOLD STANDARD FOR Ie  
To determine which method of deflection calculation is the most accurate, comparisons were made to experimental 
data reported by others (e.g., Gilbert & Nejadi 2004a, 2004b, Washa and Fluck 1952). Using the reported material 
properties, section geometry, applied loading and other relevant data, deflection analyses were carried out. The 
deflections computed using the Branson and Bischoff Equations for the single-element and discretized-element 
idealizations were compared to the reported values.  
3.1 Comparison to Studies by Gilbert & Nejadi (2004a, 2004b) 
Gilbert & Nejadi (2004a, 2004b) conducted two studies on the flexural cracking in reinforced concrete members, 
one focusing on short-term loads, UNICIV Report No. R-434 (2004a) and, the other, on sustained loads, UNICIV 
Report No. R-435 (2004b). Instantaneous deflections were recorded in the R-435 study and so are relevant for the 
present study. 
ρ = 0.5% Mr = 46.5 kN.m wf = 18.4 kN/m 
 
Bischoff 
wL/wD 
Single Element 
m=2 ∆MID (mm) 
Discretized 
m=2 ∆MID (mm) 
% Diff 
Discretized 
m=3 ∆MID (mm) 
% Diff 
0.5 18.6 17.2 7.8% 19.1 -2.6% 
1 17.9 16.4 8.2% 18.3 -2.5% 
1.5 17.5 16.0 8.5% 17.9 -2.5% 
   
ρ = 1.0% Mr = 87.6 kN.m wf = 34.6 kN/m 
 
Bischoff 
wL/wD 
Single Element 
m=2 ∆MID (mm) 
Discretized 
m=2 ∆MID (mm) 
% Diff 
Discretized 
m=3 ∆MID (mm) 
% Diff 
0.5 22.9 22.4 2.1% 23.2 -1.3% 
1 22.2 21.7 2.2% 22.5 -1.3% 
1.5 21.7 21.2 2.2% 22.0 -1.4% 
   
ρ = 1.5% Mr = 123.5 kN.m wf = 48.8 kN/m 
 
Bischoff 
wL/wD 
Single Element 
m=2 ∆MID (mm) 
Discretized 
m=2 ∆MID (mm) 
% Diff 
Discretized 
m=3 ∆MID (mm) 
% Diff 
0.5 24.5 24.2 1.0% 24.6 -0.5% 
1 23.7 23.5 1.0% 23.8 -0.6% 
1.5 23.3 23.0 1.1% 23.4 -0.6% 
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In both studies: 
  The 12 prismatic singly reinforced concrete specimens (6 beams and 6 slabs) were all simply supported on 
a 3.5 m span. 
  All specimens were kept moist (covered in wet Hessian) to minimise the loss of moisture, for a period of 28 
days in the short-term load study and for 14 days in the sustained-load study. 
  Material properties including the compressive strength, tensile strength and elastic modulus were tested at 
various ages.  
  In the short-term load study, the specimens were tested to failure using two equal point loads applied at the 
third points of the span at ages ranging from 42 to 63 days. 
  In the sustained-load study the specimens were setup when they were 14 days old. The six beams were 
subjected to two equal point loads applied at the third points of the span, and the six slabs were each 
subjected to a sustained uniformly distributed superimposed load. Two identical specimens “a” and “b” 
were constructed for each combination of parameters, each subjected to a different sustained load level. 
 
Table 5 shows ratios of the test deflection to the predicted deflection for the single- and discretized-element 
idealizations and the Bischoff and Branson Equations for the short-term load study (Gilbert & Nejadi 2004a). Care 
was taken to prevent moisture loss and, therefore, the tensile stresses due to restraint of shrinkage are likely slight. 
The predicted deflections are therefore also computed using cracking moments calculated using the full modulus of 
rupture. In this case, the deflections predicted using Bischoff’s Equation with the full fr, for either the single-element 
idealization or discretized-element idealization, closely approximate the observed values. The coefficient of 
variation, CoV, of the test-to-predicted ratio for deflections computed using the Bischoff Equation is low, indicating 
that it is a better method for computing deflections.  For the lightly reinforced members, the Branson Equation with 
full fr is unconservative using either idealization and has a very high coefficient of variation. When the 
recommended fr reductions are applied, the two equations and two idealizations give very similar results and there is 
consistency (i.e., low CoVs) and conservatism (i.e., means less than 1) in the results.  
 
 
Table 5: Results from Short-Term Load Study (Gilbert & Nejadi 2004a) 
      Test/Predicted From Different Methods 
Specimen  ρ (%) 
Test ∆MID  
(mm) 
Branson 
m=3, 
0.5fr 
Branson 
m=4,  
0.5fr 
Bischoff 
m=2,  
0.67fr 
Bischoff 
m=3,  
0.67fr 
Branson 
m=3,  
Full fr 
Branson 
m=4,  
Full fr 
Bischoff 
m=2,  
Full fr 
Bischoff 
m=3, 
Full fr 
Beam B1-a 0.53% 7.6 0.85 0.83 0.88 0.86 1.44 1.38 1.09 1.07 
Beam B1-b 0.53% 6.8 0.76 0.75 0.79 0.77 1.31 1.25 0.98 0.97 
Beam B2-a 0.53% 8.1 0.87 0.87 0.91 0.89 1.29 1.24 1.08 1.06 
Beam B2-b 0.53% 7.5 0.81 0.80 0.85 0.83 1.19 1.15 1.00 0.98 
Slab S1-a 0.30% 9.9 0.60 0.55 0.57 0.55 1.83 1.87 1.01 1.03 
Slab S1-b 0.30% 9.4 0.57 0.53 0.54 0.53 1.78 1.83 0.98 1.01 
Slab S2-a 0.45% 19.1 0.80 0.79 0.83 0.81 1.23 1.16 0.97 0.95 
Slab S2-b 0.45% 16.9 0.71 0.70 0.73 0.72 1.09 1.03 0.86 0.84 
Slab S3-a 0.60% 15.5 0.61 0.62 0.64 0.63 0.74 0.72 0.69 0.68 
Slab S3-b 0.60% 15.5 0.62 0.62 0.64 0.63 0.74 0.72 0.70 0.68 
             Mean 0.72 0.71 0.74 0.72 1.27 1.24 0.94 0.93 
  Std. Dev. 0.11 0.12 0.13 0.13 0.36 0.39 0.14 0.15 
  CoV. 0.16 0.17 0.18 0.18 0.29 0.31 0.15 0.16 
 
 
Table 6 shows ratios of the test deflection to the predicted deflection for the two idealizations and two equations for 
the sustained-load study (Gilbert & Nejadi 2004b). Again steps were taken to prevent shrinkage, so the deflections 
are calculated using both the reduced and full moduli of rupture. Similar trends to those noted in Table 5 emerge: 
using the reduced modulus of rupture yields conservative and consistent results using either equation or idealization. 
Using the full modulus of rupture is unconservative, especially for the slab specimens with ρ of 0.29%. There is 
considerable variability between the results from the four methods using the full modulus of rupture for Slab S1-a. 
For this member the applied moment exceeds the cracking moment for only a small region at midspan so for the 
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discretized-element idealization Ie equals Ig for most of the member length. In the single-element idealization, the 
ratio of Mcr/Ma at midspan approaches 1 and Ie approaches Ig, thus underestimating the deflection. This variability 
between the results obtained using the different methods is again apparent for Specimens S2-b and S3-b where Ma 
exceeds Mcr only in a short region near midspan and the remainder of the member remains uncracked. The impact of 
small cracked regions also becomes apparent looking at the relatively high CoV values when using the full modulus 
of rupture to compute the cracking moment to calculate deflections using either Branson’s or Bischoff’s Equation. 
 
 
Table 6: Results from Sustained-Load Study (Gilbert & Nejadi 2004b) 
      Test/Predicted From Different Methods 
Specimen  ρ (%) 
Test 
∆MID  
(mm) 
Branson 
m=3, 
0.5fr 
Branson 
m=4,  
0.5fr 
Bischoff 
m=2,  
0.67fr 
Bischoff 
m=3,  
0.67fr 
Branson 
m=3,  
Full fr 
Branson 
m=4,  
Full fr 
Bischoff 
m=2,  
Full fr 
Bischoff 
m=3, 
Full fr 
Beam B1-a 0.53% 4.9 0.85 0.83 0.90 0.88 1.69 1.69 1.27 1.28 
Beam B1-b 0.53% 2.0 0.67 0.64 0.74 0.74 1.81 1.82 1.81 1.82 
Beam B2-a 0.53% 5.0 0.83 0.82 0.88 0.87 1.39 1.38 1.14 1.13 
Beam B2-b 0.53% 2.0 0.59 0.58 0.66 0.65 1.60 1.61 1.60 1.61 
Beam B3-a 0.80% 5.8 0.88 0.88 0.92 0.91 1.02 1.02 1.01 0.99 
Beam B3-b 0.80% 2.0 0.55 0.55 0.60 0.59 0.94 0.96 0.85 0.85 
Slab S1-a 0.29% 7.1 0.63 0.61 0.62 0.63 2.13 2.32 1.51 1.91 
Slab S1-b 0.29% 3.7 0.59 0.59 0.61 0.68 1.72 1.72 1.72 1.72 
Slab S2-a 0.44% 10.6 0.67 0.66 0.70 0.68 1.13 1.16 0.88 0.90 
Slab S2-b 0.44% 4.4 0.48 0.47 0.51 0.52 1.34 1.45 1.08 1.26 
Slab S3-a 0.59% 11.8 0.77 0.77 0.81 0.80 1.06 1.06 0.95 0.94 
Slab S3-b 0.59% 5.0 0.48 0.47 0.51 0.51 0.88 0.94 0.71 0.76 
           
 
Mean 0.67 0.66 0.71 0.70 1.39 1.43 1.21 1.27 
 
Std. Dev. 0.14 0.14 0.14 0.14 0.40 0.42 0.37 0.41 
  CoV. 0.21 0.21 0.21 0.19 0.29 0.30 0.30 0.32 
 
 
The results from both studies are consistent with the observations of others. Branson’s Equation is unconservative 
for lightly reinforced members (e.g, Bischoff 2007) and, using the recommended 0.5fr to compute Mcr using 
Branson’s Equation or 0.67fr to compute Mcr using Bischoff’s Equation will give similar values for Ie (CAC 2016).  
3.2 Comparison to Study by Washa & Fluck (1952) 
The focus of the study by Washa & Fluck (1952) was on the effect of compressive reinforcement on the creep of 
concrete beams. However, the immediate deflections reported for their tests of singly reinforced specimens are 
relevant to the present investigation. The geometry of the test specimens differed, but the area of tensile reinforcing 
steel was fairly consistent, with ρ of 1.5% being typical for beams. The specimen span to depth ratios, L/h, ranged 
from 20 to 70. The specimens were uniformly loaded by their own weight and concrete loading blocks so that the 
midspan moment approached the limiting design moment of a balanced section designed in accordance with the 
1947 ACI Building Code (ACI 1947).  
 
Table 7 shows the test to predicted ratios for the different methods, again with the cracking moments computed 
using the full and reduced moduli of rupture. For this higher reinforcement ratio, Ie approaches Icr irrespective of the 
modulus of rupture assumed, and the discrepancies between the deflections computed using Branson’s and 
Bischoff’s Equations are slight. There is low variability, as indicated by the low coefficient of variation, suggesting 
that accurate results can be obtained using either equation or idealization for members with ρ of 1.5%. This is again 
consistent with the observations by others (e.g., Scanlon & Bischoff 2008, CAC 2016). 
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Table 7: Results of Washa & Fluck (1952) 
      Test/Predicted From Different Methods 
Specimen ρ (%) 
Test 
∆MID  
(mm) 
Branson 
m=3, 
0.5fr 
Branson 
m=4,  
0.5fr 
Bischoff 
m=2,  
0.67fr 
Bischoff 
m=3,  
0.67fr 
Branson 
m=3,  
Full fr 
Branson 
m=4,  
Full fr 
Bischoff 
m=2,  
Full fr 
Bischoff 
m=3, 
Full fr 
A6 1.58% 17.0 1.06 1.06 1.08 1.07 1.09 1.10 1.12 1.11 
B3.B6 1.57% 26.4 1.01 1.01 1.04 1.03 1.06 1.07 1.09 1.07 
C3.C6 1.54% 47.8 1.11 1.11 1.14 1.13 1.15 1.15 1.17 1.16 
D3.D6 1.54% 17.8 1.15 1.15 1.17 1.16 1.19 1.19 1.22 1.20 
E3.E6 1.47% 63.0 1.25 1.26 1.29 1.28 1.32 1.33 1.35 1.33 
 
                    
 
Mean 1.12 1.12 1.14 1.13 1.16 1.17 1.19 1.18 
 
Std. Dev. 0.09 0.09 0.10 0.09 0.10 0.10 0.10 0.10 
  CoV. 0.08 0.08 0.08 0.08 0.09 0.09 0.09 0.09 
4. SUMMARY, CONCLUSIONS & RECOMMENDATIONS FOR FUTURE WORK 
This paper investigated current practice for computing deflections using either a single-element idealization, with an 
average effective moment of inertia, or a discretized-element idealization, with unique effective moments of inertia 
assigned to each element. The two equations for calculating the effective moment of inertia developed by Branson 
(1965) and by Bischoff (2005) were investigated to determine unique values for the exponents used for single-
element and discretized-element idealizations, respectively. In particular, the research summarized in this paper 
quantifies the exponent to be used in Bischoff’s Equation for discretized member analysis. Simply supported 
members with reinforcement ratios between 0.5% and 1.5% and live- to dead-load ratios between 0.5 and 1.5 were 
explored. Comparisons to experimental data reported by others were made to determine which deflection calculation 
procedure is the most accurate. 
 
The conclusions of this investigation are as follows: 
 
1. Using a uniform element length of L/10 in discretized analysis gives deflections within 1% of those cpmputed 
using a fine mesh with uniform element length of L/40 and so is sufficient for in-office use. 
2. Member idealization using discretized elements can yield deflections that are comparable to those computed 
using single-element idealization based on the weighted average Ie from either the Branson or Bischoff 
Equation. 
3. Deflections computed using Branson’s Equation using an exponent of 4 in a discretized idealization correlate 
well to deflections computed using the single-element idealization using an exponent of 3. 
4. An exponent of 3 is appropriate to compute deflections using Bischoff’s Equation in a discretized analysis. 
5. When steps are taken to prevent shrinkage and so minimize tensile stresses due to the restraint of shrinkage, the 
Bischoff Equation with the cracking moment computed using the full modulus of rupture gives the best results. 
This method also provides less variability than that using the Branson Equation with the cracking moment 
computed using the full modulus of rupture. 
6. Using Branson’s and Bischoff’s Equation with the recommended reduced moduli of rupture gives conservative 
and consistent results, as indicated by test to predicted ratios with mean values less than one and by low 
coefficients of variation, respectively.  
7. For higher reinforcement ratios Ie approaches Icr irrespective of the modulus of rupture assumed and 
discrepancies between Branson’s Equation and Bischoff’s Equation are slight. The least variability is seen 
amongst the various methods of deflection calculation for ρ of 1.5%. 
 
Future areas of study include investigating different end fixities, such as two-span members and an interior span of 
multi-span continuous members, and time-dependent deflections.  
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